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Abstract. We prove that the computational problem of finding backward induction outcome is PTIME-complete.
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Introduction

Higher-order reasoning of the form ‘I believe that Ann knows that Peter thinks
. . . ’ is an attractive topic for logical analysis. The logical investigations often go
hand in hand with game theory. In this context, one of the common topics among
researchers in logic and game theory has been backward induction (henceforth,
BI), the process of reasoning backwards, from the end to determine a sequence
of optimal actions. BI is a common method for determining sub-game perfect
equilibria in the case of finite extensive-form games. BI can be understood as an
inductive algorithm defined on a game tree – an algorithm that tells us which
sequence of actions will be chosen by agents that want to maximize their own
payoffs, assuming common knowledge of rationality.
Games have been also extensively used to design experimental paradigms
aiming at studying social cognition, with a particular focus on higher-order
social cognition. Often the experimental turn-based games can be modeled as
extensive-form games and solved by applying BI. As it is hard to determine what
the reasoning strategies used by participants in such games are, formal findings
on backward induction have been used to better understand humans’ strategic
reasonings [1].
Recently, Van Benthem and Gheerbrant [2] have studied the logical definability of BI. They have observed that it can be defined in the first-order logic
extended with the least fixed-point operator as well as in a variety of other
dynamic epistemic formalisms. Obviously, from the least fixed-point definability result it follows that BI is in PTIME [3]. But is it also hard, and therefore
complete for PTIME?
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Preliminaries

Let us start by recalling that the reachability problem on alternating graphs is
PTIME-complete [3].
Definition 1. Let an alternating graph G = (V, E, A, s, t) be a directed graph
whose vertices, V , are labeled universal or existential. A ⊆ V is the set of universal vertices. E ⊆ V × V is the edge relation.
Definition 2. Let G = (V, E, A, s, t) be an alternating graph. We say that t is
reachable from s iff PaG (s, t), where PaG (x, y) is the smallest relation on vertices
of G satisfying:
(1) PaG (x, x)
(2) If x is existential and PaG (z, y) holds for some edge (x, z) then PaG (x, y).
(3) If x is universal, there is at least one edge leaving x, and PaG (z, y) holds
for all edges (x, z) then PaG (x, y).
The idea here is that for t to be reachable from an existential node x there
must exist a path from x to t, while the condition for a universal node y is
stronger: t is reachable from y if and only if every path from y leads to t. One can
think about alternating reachability in terms of a competitive game, where the
player controlling existential vertices wants to get to t and the player controlling
universal vertices is trying to prevent that. For example, in the alternating graph
of Fig. 1, t is not reachable from s (i.e., there is no winning strategy for the
existential player). To see it just imagine that the first player will move from
s to v. Then the second player has only one choice leading to the dead-end. It
means, that not every move of the first player controlling the universal node s
is on the path to t.

s, A
v, E

E
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A
t, A

Fig. 1. t is not reachable from s.

Now, we can define the alternating reachability problem, that is a class of
alternating graphs in which t is reachable from s. One can think about that as
a decision problem: given an alternating graph G and nodes s, t check whether
t is reachable from s.
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Definition 3. REACHa = {G|PaG (s, t)}
The following computational complexity result will be crucial for us.
Theorem 1 ([4]). REACHa is PTIME-complete via first-order reductions.
Proof. The original proof of Immerman simulates directly an alternating Turing
machine (ATM) to show that the problem is complete for ATM logarithmic
space, known to be equal to P [5].
As the proof of Theorem 1 simulates ATM computation tree it follows that:
Corollary 1 REACHa is PTIME-complete on trees.
Note, that given a game tree T and an existential node s, the problem
REACHa over T intuitively corresponds to the question: ‘Is s a winning position for the first player in the zero-sum game T , i.e., can the first player force
the game from node s towards node t against all possible counterstrategies of
the second player?’ (see [6], Problem A.11.1).
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Backward Induction Problem

Now we are ready to define the computational decision problem corresponding to
BI for extensive form, non zero-sum games. Intuitively: can the first player force
the game from node s towards node t against all possible rational (= pay-off
maximizing) counterstrategies of the second player? The difference here is that
we consider only rational strategies as the non zero-sum games do not have to
be strictly competitive.
Definition 4. A two-player finite extensive form game T
=
(V, E, V1 , V2 , Vend , f1 , f2 , s, t), where V is the set of nodes, E ⊆ V × V is
the edge relation (available moves). For i = 1, 2, Vi ⊆ V is the set of nodes
controlled by Player i, and V1 ∩ V2 = ∅. Vend is the set of end nodes. Finally,
fi : Vend −→ N assigns pay-offs for Player i.
Without loss of generality let us restrict attention to generic games:
Definition 5. A game T is generic, if for each player, distinct end nodes have
different pay-offs.
Definition 6. Let T be a two-player game. We define the backward induction
accessibility relation on T . Let PbiT (x, y) be the smallest relation on vertices of T
such that:
(1) PbiT (x, x)
(2) Take i = 1, 2. Assume that x ∈ Vi and PbiT (z, y). If the following two
conditions hold, then also PbiT (x, y) holds:
(a) E(x, z);
(b) there is no w, v such that E(x, w), PbiT (w, v), and fi (v) > fi (y).
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For example, in the tree of Fig. 3 t is not a backward induction solution for
the game starting from s. Player 2 will rather start the game by going to the
state w than v. And, t is not reachable from w.
We can again define the corresponding decision problem – whether in the
game represented by tree T and starting in node s the first player can force
the output t – as a class of game trees where s and t belong to the backward
induction accessibility relation on T ?
s, 2
v, 1

w, 1
2

(4, 7)
t, (5, 6)

Fig. 2. t is not reachable from s.

Definition 7. BI = {T |PbiT (s, t)}
The problem BI intuitively corresponds to the question whether t is a sub-game
perfect equilibrium in game T starting at node s [7].
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Complexity of BI

The definability result of Van Benthem and Gheerbrant implies that it can be
decided in polynomial time whether node t is a subgame perfect equilibrium of
the game, i.e., the result of a gameplay following a BI strategy. First of all, note
that it also follows that given an arbitrary finite extensive game with starting
node s one can find a BI solution of the game in polynomial time. Simply, it is
enough to run the polynomial decision algorithm for every node of the game. In
this section we prove that computing backward induction relation is not only in
PTIME but it is actually a PTIME-complete problem.
Theorem 2. BI is PTIME-complete via first-order reductions.
Proof. First of all, BI is in PTIME by providing FO(LFP) definition [3]. Now, it
suffices to show PTIME-hardness. For that we will reduce the REACHa problem
on trees (cf. Corollary 1) to the BI problem. We take any alternating tree T =
(V, E, A, s, t). Without loss of generality let us assume that s is existential. We
construct a two player game, T 0 = (V 0 , E 0 , V1 , V2 , Vend , f1 , f2 , s0 , t0 ), where: V =
V 0 , t ∈ Vend = {end nodes of V}, E = E 0 , V1 = V − A, V2 = A, s = s, t = t,
and for every v ∈ V 0 , if v 6= t, then f1 (t) > f1 (v) and f2 (t) < f2 (v).
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Now, we need to prove that T ∈ REACHa iff T 0 ∈ BI. Assume, that T ∈
REACHa . It means that whatever Player 2 does in the game T 0 , Player 1 has
a strategy to force outcome t. As t gives strictly the best pay-off for Player 1,
0
then PbiT (s, t). Hence, T 0 ∈ BI. For the other direction, assume for contradiction
that T 6∈ REACHa . This means that there is a node v 6= t such that Player 2
can guarantee the game T 0 to end in v. From the pay-off construction for T 0 , v
0
is more attractive to Player 2 than t. Therefore, it is not the case that PbiT (s, t).
Hence, T 0 6∈ BI.
What does this tell us about the complexity of backward induction? First
of all, problems in PTIME are usually taken to be tractable [8], so relatively
easy to solve, also for humans [9]. Furthermore, given assumptions on noncollapse, PTIME-completeness suggests that the problem of deciding whether
a given node is a sub-game perfect equilibrium of the game is difficult to effectively parallelize (it lies outside NC1 ) and solve in limited space (it lies outside
LOGSPACE).
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1
A problem is in NC if there exist constants c and k such that it can be solved in
time O(log c n) using O(nk ) parallel processors.

